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Lecture 8: PID implementation
• Recap
• PID discretization
• Integral windup
• Derivative filtering



Recap of Lec 6-7



PID controller
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𝑢 𝑡 = 𝐾!𝑒 𝑡 + 𝐾"'
#

$
𝑒 𝜏 𝑑𝜏 + 𝐾%𝑒̇(𝑡)

or

𝑢 𝑡 = 𝐾(𝑒 𝑡 +
1
𝑇"
'
#

$
𝑒 𝜏 𝑑𝜏 + 𝑇%𝑒̇(𝑡))



PID discretization



Approximation of derivative
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Euler method: 𝑒̇ ≈ &!'&!"#
($

𝑒(𝑡)

𝑡
(𝑘 − 1)𝑇! 𝑘𝑇!

(Note 𝑒) = 𝑒(𝑘𝑇*))



Approximation of integral
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𝑠(𝑡) = '
#

$
𝑒 𝜏 𝑑𝜏

𝑠) = 𝑠)'+ + 𝑇*𝑒)
𝑒(𝑡)

𝑡
(𝑘 − 1)𝑇! 𝑘𝑇!



Discretized PID controller
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Define the error:

Build the integral: 

Build the derivative:

𝑒) = 𝑟) − 𝑦)

𝑠) = 𝑠)'+ + 𝑇*𝑒)

𝑒̇) ≈
𝑒) − 𝑒)'+

𝑇*

𝑢) = 𝐾(𝑒) +
+
(+
𝑠) + 𝑇%

&!'&!"#
($

)



What if the control input is constrained?
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𝑣) = 𝐾(𝑒) +
+
(+
𝑠) + 𝑇%

&!'&!"#
($

)

The input to a system is not unlimited!

𝑢) = 6
𝑢,-. , 𝑣) > 𝑢,-.
𝑣) , 𝑢,/0 < 𝑣) < 𝑢,-.
𝑢,/0, 𝑣) ≤ 𝑢,/0



Integral windup



What is integral windup? 
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𝑦
PID

𝑟 +

−
𝐺 𝑠 =

10
10𝑠 + 1

0.2

−0.2



Example
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Strategies 1- Conditional update
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Turn off integral update when the control is saturated

If

Else

End

𝑢,/0 < 𝑣) < 𝑢,-.

𝐼) = 𝐼)'+ + 𝐾
𝑇*
𝑇"
𝑒)

𝐼) = 𝐼)'+



Strategies 2- Modification of integral
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Modify the integral term when control is near to saturation

𝐼% = 𝐼%&' + 𝐾
𝑇(
𝑇)
𝑒%

𝑣% = 𝐾𝑒% + 𝐼% + 𝐾
𝑇*
𝑇(
(𝑒% − 𝑒%&')

𝑢% = ,
𝑢+,-, 𝑣% > 𝑢+,-
𝑣%, 𝑢+./ < 𝑣% < 𝑢+,-
𝑢+./, 𝑣% ≤ 𝑢+./

𝐼% = 𝐼% +
𝑇(
𝑇0
(𝑢% − 𝑣%) The new part!

𝑇0 is called tracking constant



Derivative filtering



What is the issue with derivative?
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𝑠
𝑒 + 𝑛 𝑒̇ + 𝑛̇



Remedy
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Replace 𝑠 with  !
"!#$

𝐷 𝑠 =
𝑠

𝛼𝑠 + 1
𝐸(𝑠)

Quiz: Can you write the transfer function in 𝑧 domain?

The derivative becomes



Remedy
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Replace 𝑠 with  !
"!#$

𝐷 𝑠 =
𝑠

𝛼𝑠 + 1
𝐸(𝑠)

𝑑% =
𝛼

𝛼 + 𝑇!
𝑑%&$ +

1
𝛼 + 𝑇!

(𝑒% − 𝑒%&$)

Quiz: Can you write the transfer function in 𝑧 domain?

𝛼𝑠𝐷 𝑠 + 𝐷 𝑠 = 𝑠𝐸(𝑠)

The derivative becomes

Derive the differential equation

𝛼𝑑̇ 𝑡 + 𝑑 𝑡 = 𝑒̇(𝑡)
Inverse Laplace

Approximate the derivative by Euler

𝛼
𝑑% − 𝑑%&$

𝑇!
+ 𝑑% =

𝑒% − 𝑒%&$
𝑇!



• Issues with PID
• State feedback

What do we cover 
next?
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