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Lecture 3: State-space
representation
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» Transfer function of state-space model
» Controllability and observability

 Linearization
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Characteristics of
first and second
order systems

A quick recap of lecture 2

LINKOPING
IIQ" UNIVERSITY



DEMO PRESENTATION

First-order system

Ty(t) +y(t) = Ku(t)

T: Time constant

K: Static gain

The poleis 1 = —%

G(s)

2022-01-19

_Y(s) K
CU(s) Ts+1
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First-order system

Ty(t) +y(t) = Ku(t)

Take Laplace:
_Y(s) K

CU(s) Ts+1

G(s)

v

TsY(s)+Y(s) = KU(s)

» T:Time constant- The time the output reaches

Step Response

63% of its final value

KC

« K: Static gain: How much the input is magnified
063KC

in the steady state

Amplitude

 Thepoleis1 = —%

T

Time (seconds)
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Second-order system

G(s) = 5——
YTt a;s + a,
Complex poles
G(s) =K @ 1=cz
— —p — _ ; _
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DEMO PRESENTATION

Example

2022-01-19
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Example

G(s) =

s2+5s+9
2 2
G(s) =f 3 Compare with G(s) =K > ®o >
952+2><g><3$+32 §° + 28wos + wy

Then, we have
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Second-order system with complex poles

6(s) “b
s) =

s2 + 2{wes + w§ \T\‘*(J)o
Complex poles: Az = wo(=¢ +iy1—72) & L

4
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Second-order system with complex poles

A

10

2 A

G(s) = 0

s2 4+ 20wes + wi \T\\Q)O
Complex poles: Az = wo(=¢ +iy1—72) &
Write the pole in polar system: *

w, = Distance to the origin \/‘USZZ + w2(1-{2) = w,

{ = cos ¢ relative damping cos¢ = @o§ =¢

Wo

v
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Second-order system with complex poles

2
G(s) = o
s2 4+ 20wes + wi
Complex poles: Mo = wo(—=( £ i [1-¢2)

Step response:

A
.
\\\
.
& .

A

yo =1-—

e~SWot
rsm(wo /1 —{%t+ ¢)

1-¢2

v
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Second-order system with complex poles

G(s) 9%
S) = A
s2 4+ 20wes + wi .
@
Complex poles: Mo = wo(—¢ % iv1—1¢2) <0

¢ (P

v

Step response:

2
w 1 1 s+2{wy
Y(§)=—"2—-=--—>2"— 3
(s) s242wostw3s s s2+2{wos+w?

Take inverse Laplace

y(t)=1—£‘1{ s+ 20w, }

s% + 2{wys + Wi

Use A.270onp.233,leta = {wy, b = wo/1 — {2,z = 2{w,
e—((l)ot
y(@)=1-

e (VT = 02 cos woy/1 — C2¢ + ¢ sin woy/1 — C2¢)

Introduce { = cos ¢, wy = wy+/1 — {2

e‘((l)ot

e—{wot

y) =1- (sing cos wyt + cos psinwgt) + 1 —

- sin(wg+¢)
V=g \/f@
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Second-order system with complex poles

e~Swot
yt)=1— sin(wg (1 — {2t + ¢)

1-¢2

{: relative damping:
wy: kind of time scaling
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Amplitude

DEMO PRESENTATION

2022-01-19
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Second-order system with complex poles

e—Swol
y(t) =1 — ——=sin(wg |1 — {2t + ¢)
/1 — {2

{: relative damping:
* Small: weak damping (more oscillations)
« Big: strong damping (less oscillations)

Step Response

=]
=]
T

0 1 2 3 4 5 B
Time (seconds)

Amplitude

wy: kind of time scaling
+ E.g. 10 times bigger, 10 times faster

Step Response

System: $.:,=10%

Time (seconds): 0.33
Amplitude: 1.52

System: b =18

Time (seconds): 3.21
Amplitude: 1.53

A\

T
wlh=1
w0 =10 |

e

N

1 1 1 Il 1
4 5 6 7 8
Time (seconds)
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Fast and slow dynamics

Fast poles

Slow pole
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state-space mode|
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State-space model

v

x = Ax + Bu €Y)
y = Cx + Du (2)

G(s)=C(sI—A)"B+D
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State-space model

x = Ax + Bu ey

y = Cx + Du (2)

First, note that
L{x;} sX1(s) s 0 0

xy=| : |=| : |= [0 o] = sI,X(s)
L{xn}|  LsXn(s) 0 0 s

We take the Laplace transformation of (1)
sI,X(s) = AX(s) + BU(s) » X(s) = (sI — A)"1BU(s)

Now, we replace this result in Laplace of (2)

Y(s) = CX(s) + DU(s) = (C(sI — A)71B + D)U(s)

2022-01-19

v

G(s)=C(sI—A)"B+D

18
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Example- What is the transfer function

fOr Boelng 747 a: Angle of attack
[Z] - [:(1)22 —01.53] [3] + [__11?'25] Be q: Pitch rotation rate
y=10 1]

Solution:
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Example- What is the transfer function
for Boeing 747

ol =005 —ossllal+[ 255 1e

y=10 1]
Solution:
-1 [s+039 -1 7' _ 1 s +0.53
(sT=A)7= [ 1.55 s+ 053] 7 (s+0.39)(s+0.53)+1.55 [ —155 s+ 0_39]
= 1 s +0.53 18. 5
Gs) = (s +0.39)(s + 0.53) + 1.55 [0 1] [ —155 s4+0. 39] [

—1.2s + 28.2

G —
() = 70925 1 1.7567

Use ss2tf (4, B, C, D) in MATLAB!
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Controllability and
Observability
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Example- A triple-tank
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Controllability

Definition: The system is controllable if there exists an
input signal that brings the state of the system to any desired
x* from the origin.

Method: The system is controllable if

rank([B AB ... A" 1B] = n)
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Observability

Definition: Let u = 0. If x*(0) # 0 leads to y(t) = 0, we say
that x* is unobservable. If there is no unobservable state,
then the system is observable

Method: The system is observable if

C
rank( C,A

Il
S
—

_CA."‘l_
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Example- Is the triple-tank controllable
and observable?

Solution:
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Example- Is the triple-tank controllable
and observable?

Solution: write differential equations u(t) L \ /I\ %
| 1
3.C1 = —X1 :

:
xz—xl—x2+u Y =X v vy
5(‘3 = x2 —_
. . _ sz =Y
Now, write them in state space format:
-1 0 0 0
x=11 -1 0

x+|1|lu y=[0 1 0]x
1 1 0 0
o T X3
Controllability:

0 O 0
[B,AB,A*B] =1 -1 1 |- Det([B,AB,A%B]) =0
0 1 -1 Not controllable
Observability:
C 0 1
CAl=|1 -1 0 — Det Not observable
CA? -2 1 CA2
1 . .
Transfer function: =7 Two poles are missing!
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Nonlinear model

x(t) = f(x(t), u(t))
y(t) = h(x(t), u(t))

Stationary point:

f(xp,up) =0
Yo = h(xo, uo)
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Linearized model

Let
Ax = x — xg
Au=u—1u
Ay =y —Yo
L , : of of
Linearized model: Ax = AAx + BAu A= % [P— B = 5 | se=x0,u=1,
_ dh dh
Ay = CAx + DA —
y C X+ u C — a |x=x0,u:u0 D = a_u |x:x0,u:uo
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Linearized model

Let
Ax = x — xg
Au=u—1u
Ay =y —Yo
Derive Ax and use Taylor expansion
oL, af of
Ax =x — %o = f(x,u) = f(xo + Ax,up + Au) = f(xo,up) + E |x=x0,u=u0Ax + u |x=x0,u=u0Au
of of
= ox |x=x0,u=u0Ax + ou |x=x0,u=u0Au
Write Ay

oh oh
Ay = h(x' u) —Yo = h(xO + Ax, Ug + Au) — Yo = h(xOJuo) + a |x=x0,u=qux + a |x=x0,u=u0Au — Yo

oh
a |x=x0,u=u0Ax + a |x=x0,u=u0Au

~
=~

30

R , : of of
Linearized model: Ax = AAx + BAu A= % [P— B = — [P—
_ oh oh
Ay = CAx + DA — —
y = CAx + u C a |x=x0,u=uo D= £ |x=x0,u=u0

II LINKOPING
o UNIVERSITY



DEMO PRESENTATION 2022-01-19 31

Linearized model

n states, m inputs, p outputs

Oh . 4] 0fi Of)
of 0xq dx, of ouy Uy,
A=—"—|y=xou=u. =| : : B=—\|iexou=u. =| ¢ :
ax |x—x0,u—u0 afn afn au |x—x0,u—u0 afn afn
[ 0x4 0x,, ] [0u, 0Upy,
[dhq Ohy % 0hq 7
oh 0x4 0xp, oh ou, ouy,
C=—|: — = . D=—|: u= = .
Ox TR Ohy Ohy ou T % . Ohy
[ 0x4 0%, ] [ du, Uy,
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Linearized model

n states, m inputs, p outputs

f1(x,u) hy (x, u)
flx,u) = : h(x,u) = :

fo (2, w) hy, (x, )
Oh . Oh] 0h . 9h]
i N e i _|%% Otm
- ax |x=x0,u=u0 - afn . afn - au |x=x0,u=u0 - afn . afn
104 0x,, [ duy ou,
roh, Ohy % Ohy
c oh 0 0xy D—ah| B Ouy | Oty
i PR T S
0x;  0xp) ou, O]
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Example- Linearize the model

J¢ = —mgsind — c¢
Solution: /
¢
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Example- Linearize the model

J¢ = —mgsing —c¢

Solution: Let

2022-01-19

&\

X1=¢ xp=¢
Write the space state equations:
. . mg . ¢
x1=x2 x2=——Slnx1——x2
J J
Stationary point by x; = 0,x, = 0: of 0
casel) xp9 = 0,x;90 = 0 or _2Y cosx,  —
case 2) X220 = 0, X1p=T ax ] 1
of 0 1
case1) X,0 = 0,19 = 0 Ay = o lxmy, = _% _; stable
of g
case2) x50 = 0,x;0 =T A = ™ |lx=xo, = Tg i unstable
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What do we cover
next?

* Sensor
* Introduction to signal processing
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Ask us!



