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Lecture 2: Differential Equations

• Recap

• Laplace transformation

• Stability

• Characteristics of first and second-order systems



A quick recap of lecture 1

Model of systems



Recap
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𝑦(𝑛) + 𝑎1𝑦
(𝑛−1) +⋯+ 𝑎𝑛𝑦 = 𝑏0𝑢

(𝑚) +⋯+ 𝑏𝑚𝑢

Thing
(system)

𝑢 𝑦

ሶ𝑥 = 𝐴𝑥 + 𝐵𝑢

𝑦 = 𝐶𝑥 + 𝐷𝑢



Characteristic equation

2022-01-14 5DEMO PRESENTATION

𝑦(𝑛) + 𝑎1𝑦
(𝑛−1) +⋯+ 𝑎𝑛𝑦

= 𝑏0𝑢
(𝑚) +⋯+ 𝑏𝑚𝑢

ሶ𝑥 = 𝐴𝑥 + 𝐵𝑢

𝑦 = 𝐶𝑥 + 𝐷𝑢



Laplace 
transformation



Why Laplace?

• Differential equations are difficult!
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𝐹 𝑠 = ℒ 𝑓 𝑡 = න
0

+∞

𝑒−𝑠𝑡𝑓 𝑡 𝑑𝑡



Example-Step function
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𝑓 𝑡 = ቊ
1, 𝑡 ≥ 1
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑓(𝑡)

𝑡



Example-Derivative
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ℒ(
𝑑

𝑑𝑡
𝑓(𝑡)) =



Example-Integral
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ℒ(න
0

𝑡

𝑓 𝜏 𝑑𝜏) =

Hint: use the Laplace of derivative!



Useful identities
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See p. 232-233 in the book.

ℒ
𝑑𝑛

𝑑𝑡𝑛
𝑓 𝑡 =

ℒ 𝑎𝑓 𝑡 + 𝑏ℎ 𝑡 =

lim
𝑡→+∞

𝑓 𝑡 = lim
𝑠→0

𝑠𝐹(𝑠)



Transfer function
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𝐺(𝑠)
𝑈(𝑠) 𝑌 𝑠

𝑦(𝑛) + 𝑎1𝑦
(𝑛−1) +⋯+ 𝑎𝑛𝑦 = 𝑏0𝑢

(𝑚) +⋯+ 𝑏𝑚𝑢

𝑠𝑛𝑌 + 𝑎1𝑠
𝑛−1𝑌 +⋯+ 𝑎𝑛𝑌 = 𝑏0𝑠

𝑚𝑈 +⋯+ 𝑏𝑚𝑈



Example- Boeing 747
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ሷ𝑦 + 0.93 ሶ𝑦 + 1.76𝑦 = −1.2 ሶ𝑢 + 28.31𝑢



Series config.
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𝐺1(𝑠)
𝑈(𝑠) 𝑌 𝑠

𝐺2(𝑠)



Parallel config.
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𝐺1(𝑠)

𝑈(𝑠) 𝑌 𝑠

𝐺2(𝑠)

+



Feedback config.
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𝐺(𝑠)
𝑈(𝑠) 𝑌 𝑠

𝐻(𝑠)

+

−



Example
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𝐺2(𝑠)
𝑈(𝑠) 𝑌 𝑠

𝐻(𝑠)

+

−

𝐺1(𝑠) +

𝐺3(𝑠)



Characteristic equation
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𝐺 𝑠 =
𝑁(𝑠)

𝐷(𝑠)

• Characteristic equation:

• Poles: Roots of

• Zeros: Roots of  

𝐷 𝑠 = 0

𝑁 𝑠 = 0

𝐷 𝑠 = 0



Stability



Stability concept
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stable unstable 
(marginally stable)

unstable



Stable:
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If all poles have negative real parts

Unstable:

otherwise



Characteristics of 
first and second-
order systems



First-order system
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𝑇 ሶ𝑦(𝑡) + 𝑦(𝑡) = 𝐾𝑢(𝑡) 𝐺 𝑠 =
𝐾

𝑇𝑠 + 1

• 𝑇: Time constant

• 𝐾: Static gain



First-order system- Solution
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𝑦 𝑡 = 𝐾𝐶(1 − 𝑒−
1
𝑇𝑡)



Second-order system
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𝐺 𝑠 =
𝑎2

𝑠2 + 𝑎1𝑠 + 𝑎2



Second-order system- Solution
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𝑦 𝑡 =
1

𝑎2
+ 𝑐1𝑒

𝜆1𝑡 + 𝑐2𝑒
𝜆2𝑡



Second-order system- Solution
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Real and negative poles:



Second-order system- Solution
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Real and at least one positive:



Second-order system- Solution
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Complex poles:



Second-order system- Solution
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Complex with 
positive real part:

Complex with 
negative real part:

Complex with 
zero real part:



• Transfer function of state-space model

• Controllability and observability

• Linearization

What do we cover 
next?
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