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Recap of Lec 9
PID and state feedback

Lecture 10: Incorporating 
State feedback and PID 
controller



• State feedback

Recap of Lec 9



Linear state feedback
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𝑢 𝑡 = −𝑙!𝑥!(𝑡) − 𝑙"𝑥"(𝑡) ⋯− 𝑙#𝑥#(𝑡) +𝑙$𝑟(𝑡)

𝑢 𝑡 = −𝐿𝑥 𝑡 + 𝑙$𝑟(𝑡)

𝑥̇(𝑡) = 𝐴𝑥 𝑡 + 𝐵𝑢 𝑡
𝑦 𝑡 = 𝐶𝑥 𝑡+

−𝑙!

𝑥!
−𝑙"

𝑥"
−𝑙#

𝑥#

𝑙$
𝑟

+



Closed-loop system
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Design procedure:

1. Select the desired poles

2. Design 𝐿 to have the desired poles

3. Select 𝑙$ to have a zero tracking-error for a step 𝑟

𝑥̇ = (𝐴 − 𝐵𝐿)𝑥 + 𝐵𝑙!r

𝑦 = 𝐶𝑥



Closed-loop system
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Design procedure:

1. Select the desired poles

2. Design 𝐿 to have the desired poles

3. Select 𝑙$ to have a zero tracking-error for a step 𝑟

𝐺" 𝑠 = 𝐶 𝑠𝐼 − 𝐴 − 𝐵𝐿
#$
𝐵𝑙!

𝑥̇ = (𝐴 − 𝐵𝐿)𝑥 + 𝐵𝑙!r

𝑦 = 𝐶𝑥

𝑙! =
−1

𝐶 𝐴 − 𝐵𝐿 #$𝐵

𝑦 ∞ = lim
%→!

𝑠𝑌 𝑠 = lim
%→!

𝑠𝐺" 𝑠
1
𝑠
= lim

%→!
𝐺"(𝑠) = 1

𝐺! 0 = 1



Some issues
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What if:

• We have error in the model

• We have disturbance



What we can do …
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• Combine with PID

• Ad-hoc reasoning methods

• Extend state-feedback



PID and state-
feedback



State feedback and PID
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𝑥̇(𝑡) = 𝐴𝑥 𝑡 + 𝐵𝑢 𝑡
𝑦 𝑡 = 𝐶𝑥 𝑡+𝑙$

𝑟

−𝐿
𝑥

𝑃𝐼𝐷
𝑟 +

−

𝑦



Example: Balancing MinSeg by state-
feedback
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You will design a state-feedback in Lab 4 as

𝑢 = −𝑙$𝑧 − 𝑙'𝑧̇ − 𝑙(𝛼 − 𝑙)𝛼̇

Keep the robot stationary in upright position 𝛼 = 0, 𝑧 = 0



Example: Balancing MinSeg by state-
feedback
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What happens in stationary point?



Example: Balancing MinSeg by state-
feedback
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𝑢 = −𝑙$𝑧 − 𝑙'𝑧̇ − 𝑙(𝛼 − 𝑙)𝛼̇ = 0

What happens in stationary point?

We should have 𝑧̇ = 0, 𝛼̇ = 0, 𝑢 = 0

𝑧∗ = −
𝑙(
𝑙$
𝛼∗

When the robot tilted in a nonzero 𝛼∗, it ends up in a nonzero 
position.

Change the controller to

𝑢 = −𝑙$𝑧 − 𝑙'𝑧̇ − 𝑙((𝛼 − 𝛼∗) − 𝑙)𝛼̇

𝛼∗ = −𝐾+=
!

,
𝑧 𝜏 𝑑𝜏



State feedback 
extension



Presence of disturbance
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𝑥̇ = 𝐴𝑥 + 𝐵𝑢 + 𝐹𝑣
𝑦 = 𝐶𝑥

How to design state feedback such that 𝑦(𝑡) → 𝑟(𝑡) in presence of 
constant disturbance 𝑣?



Presence of disturbance
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𝑥̇ = 𝐴𝑥 + 𝐵𝑢 + 𝐹𝑣
𝑦 = 𝐶𝑥
Introduce a new state variable 

𝑥-.$ 𝑡 = =
!

,
(𝑟 𝜏 − 𝑦 𝜏 )𝑑𝜏



Presence of disturbance
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𝑥̇ = 𝐴𝑥 + 𝐵𝑢 + 𝐹𝑣
𝑦 = 𝐶𝑥
Introduce a new state variable 

𝑥-.$ 𝑡 = =
!

,
(𝑟 𝜏 − 𝑦 𝜏 )𝑑𝜏 𝑥̇%&' = 𝑟 𝑡 − 𝑦(𝑡)

Extend the state space B𝑥 =
𝑥

𝑥-.$ :

𝑥̇
𝑥̇-.$

= 𝐴 0
−𝐶 0

𝑥
𝑥-.$ + 𝐵

0 𝑢 + 𝐹
0 𝑣 + 0

1 𝑟 = E𝐴B𝑥 + F𝐵𝑢 + F𝐹𝑣 + G𝐻𝑟

Design a state feedback

𝑢 = −𝐿𝑥 − 𝑙-.$𝑥-.$ = −F𝐿𝑥



Presence of disturbance
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The closed-loop system reads



Presence of disturbance
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The closed-loop system reads

Ḃ𝑥 = ( E𝐴 − F𝐵F𝐿)B𝑥 + F𝐹𝑣 + G𝐻𝑟

𝑦 = 𝐶 0 B𝑥

If ( E𝐴 − F𝐵F𝐿) is stable, Ḃ𝑥 → 0 for constant external signals. 

As a result, 𝑥̇-.$ → 0 and based on the definition of 

𝑦 → 𝑟

𝑥̇-.$ = 𝑟 𝑡 − 𝑦(𝑡)



Example- Controlling rear steered cycle 
by PD
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𝐺 𝑠 =
𝑠 − 2
𝑠' − 9

The transfer function is given by:

Let’s design a PD controller:

𝐹 𝑠 = 𝐾/ + 𝐾0𝑠

The closed-loop transfer function reads: Photo credit: 
https://forum.cruzbike.com/



Example- Controlling rear steered cycle 
by PD
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𝐺 𝑠 =
𝑠 − 2
𝑠' − 9

The transfer function is given by:

Let’s design a PD controller:

𝐹 𝑠 = 𝐾/ + 𝐾0𝑠

The closed-loop transfer function reads:

𝐺" 𝑠 =
𝐺𝐹

1 + 𝐺𝐹
=

𝐾/ + 𝐾0𝑠 L𝑠 − 2
𝑠' − 9

1 + 𝐾/ + 𝐾0𝑠 L𝑠 − 2
𝑠' − 9

=
𝐾/ + 𝐾0𝑠 (𝑠 − 2)

1 + 𝐾0 𝑠' + 𝐾/ − 2𝐾0 𝑠 − 2𝐾/ − 9

Remember 𝑐𝑠' + 𝑎𝑠 + 𝑏 is stable if 𝑎, 𝑏, 𝑐 > 0 or 𝑎, 𝑏, 𝑐 < 0

1 + 𝐾0 < 0

𝐾/ − 2𝐾0 < 0

−2𝐾/ − 9 < 0

𝐾0 < −1

𝐾/ < 2𝐾0
𝐾/ ≻ −4.5 Select 𝐾/ = −3,𝐾0 = −1.25

Photo credit: 
https://forum.cruzbike.com/



Example- Example-Controlling rear 
steered cycle by PD
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The closed-loop system reads:

𝐺" 𝑠 =
−1.25𝑠' − 𝑠 + 6
−0.25𝑠' − 0.5𝑠 − 3

Observe that 𝐺" 0 = −2! 

See the result:



Example- Controlling rear steered cycle 
by state feedback
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𝐺 𝑠 =
𝑠 − 2
𝑠' − 9

The transfer function is given by:

The state space representation is:



Example- Controlling rear steered cycle 
by state feedback
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𝐺 𝑠 =
𝑠 − 2
𝑠' − 9

The transfer function is given by:

The state space representation is:

𝑥̇ = 0 1
9 0 𝑥 + 0

1 𝑢 + 0
1 𝑣

𝑦 = −2 1 𝑥

Introduce

𝑥̇$
𝑥̇'
𝑥̇(

=
0 1 0
9 0 0
2 −1 0

𝑥$
𝑥'
𝑥(

+
0
1
0
𝑢 +

0
1
0
𝑣 +

0
0
1
𝑟 = E𝐴B𝑥 + F𝐵𝑢 + F𝐹𝑣 + G𝐻𝑟

𝑥̇( = 𝑟 𝑡 − 𝑦(𝑡)

Select F𝐿 to stabilize E𝐴 − F𝐵F𝐿 𝑝𝑙𝑎𝑐𝑒( E𝐴, F𝐵, [−2,−3,−2.5])



Example- Controlling rear steered cycle 
by state feedback

2023-08-24 25DEMO PRESENTATION

See the result



I hope you enjoyed 
the course
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Ask us!


