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1. (a) What is the difference between controllability and stabilizability
in a linear system? Do you know any test that can be used to
check both conditions? [2p]

(b) A system with a real zero in z > 0 and a real pole in p > 0 is
to be controlled. (The remaining poles and zeros are in the left
half plane.) Which case is more difficult, z > p or p > z? Give a
motivation. [2p]

(c) A position sensor is mounted on top of a platform which vibra-
tes with a frequency of approximately 4 rad/s, and produces a
disturbance n(t) on the position measurement. You would like
to model n(t) as the output of a low-pass filter driven by white
noise. Which of the following transfer functions should you use?

(i) : 1
s + 0.001

(ii) : 32
s2 + s + 400

(iii) : 32
s2 + 0.4s + 16

Motivate your answer. [3p]
(d) Consider the system

y = 1
s + 2u + 2

s + 3v

where y is the output, u is the control and v is a disturbance.
The control signal is limited by the condition |u| ≤ u0, and the
disturbance has the form v = 2 sin 3t. Compute the lowest value
of u0 for which it is possible to eliminate the influence of v on y
completely. [3p]
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2. Consider the following system

ẋ =

−1 0 0
0 −2 0
0 0 −3

x +

1 0
1 1
0 1

u

y =
[
1 1 0
0 1 1

]
x

(a) Denoting G the transfer function from u to y, compute the pole
polynomial, the poles and the zeros of G. [3p]

(b) What is ‖G‖∞? [1p]
(c) What is RGA at frequency 0? [1p]

Assume the system is controlled by a P-controller u = F (r−y), where

F =
[
20 0
0 20

]

and r − y is the control error. We assume that r = 0.

(d) Compute the sensitivity function of the system. [2p]

Assume that the system is affected by an additive disturbance w at
the output of G.

(e) What is the frequency range in which the gain from w to the
control error is less than −20 dB? [2p]

(f) Assume that w = [w1 w2]T is constant. Compute the value of the
quotient between w1 and w2 for which the gain from w to the
control error has its maximum. [1p]
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3. Consider the following system

ẋ =
[
−1 1
0 −1

]
x +

[
0
1

]
v1

y =
[
1 0

]
x + v2

where v1 and v2 are uncorrelated white noises of covariance R1 = 48
and R2 = 1, respectively.

(a) In order to estimate the state vector, the following observer is
used:

˙̂x =
[
−1 1
0 −1

]
x̂ +

[
2
1

] (
y −

[
1 0

]
x̂
)

What are the observer poles? [1p]
(b) Determine the covariance matrix P1 = E[x̃x̃T ] of the estimation

error x̃ = x− x̂ for the observer in (a). [3p]
(c) The optimal estimator is the Kalman filter. Compute the Kalman

filter of the system. What are the poles of the associated observer?
What is the covariance matrix of the associated estimation error?

[4p]

(d) Show that indeed the estimation error of the Kalman filter has a
lower variance than that of the observer in (a). [2p]

4. A servomotor is driven by a relay with hysteresis as in the following
figure

+
y
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where
G(s) = 10

s(s + 1)

(a) Compute the approximate amplitude and frequency of the pos-
sible sustained oscillations. [8p]

(b) Are the oscillations stable? [2p]
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5. The system
G(s) = 1

s

with input u and output y is controlled using the PI-controller (with
saturation)

ẋ1 = e

u = sat(x1 + e)

where e = r−y is the control error and ”sat” is the saturation function:

sat(v) =


−1 v < −1
v |v| ≤ 1
1 v > 1

which affects the control signal at the output of the PI-controller.
Consider the case r = 0.

(a) Determine a state space model for the closed loop system created
by G and by the saturated PI-controller. Determine the equilibri-
um points, their stability properties and their type (focus, saddle
point,.....). Draw a sketch of the phase plane. What is the effect
of the saturation? [6p]

(b) Modify the PI-controller so that x1 is frozen to a constant value
when the control is saturated:

ẋ1 =
{

e |x1 + e| ≤ 1
0 |x1 + e| > 1

u = sat(x1 + e)

Show how the phase portraint changes, and in particular, show
that this feedback solution gives ”chattering”, i.e. along certain
curves (which you should determine) in the phase plane the ve-
locity alternates infinitely fast between two values. Discuss what
will happen in practice to the system.

[4p]
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