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Introduction

In the previous lectures we learned about
I The entropy of a stochastic process

This lecture will discuss how we can achieve this optimal entropy
rate

Lossy compression, commonly found in image, audio and
video coding.

Lossless compression, common for text.
All information is from chapter 5 in the textbook.
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Source code

We start with the most basic definition of this chapter.

Definition 1
A source code C for a random variable X is a mapping

C : X → D∗ (1)

where D∗ is the set of finite-length strings of symbols from a
D-ary alphabet. Let C(x) denote the codeword corresponding to
x and let l(x) denote the length of C(x).



Expected length

We measure how effective a source code is by the following
metric:

Definition 2 (Expected length)
The expected length of a source code C(x) for a random variable
X with probability mass function p(x) is given by

L(C) =
∑
x∈X

p(x)l(x) (2)

where l(x) is the length of the codeword associated with x .



A simple example

Example 3
Let X be a random variable with the following distribution and
codeword assignment

Pr(X = 1) =
1
2, codeword C (1) = 0 (3)

Pr(X = 2) =
1
4, codeword C (2) = 10 (4)

Pr(X = 3) =
1
8, codeword C (3) = 110 (5)

Pr(X = 4) =
1
8, codeword C (4) = 111 (6)

and we get the entropy H(X ) = 1.75 bits which coincides with
L(C) = 1.75 bits.
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Nonsingular codes

Example 4
Consider the code where a 7→ 0, b 7→ 1, c 7→ 1 and d 7→ 2.
Given the code 1, we will not be able to distinguish between b
and c. Thus, it is not a lossless code.

Definition 5
A code is said to be nonsingular if C is injective.
The above code is not nonsingular since C(b) = C(c) even
though b 6= c.
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Nonsingular codes

Example 6
The mapping

a 7→ 1 (7)
b 7→ 011 (8)
c 7→ 01110 (9)
d 7→ 1110 (10)
e 7→ 10011 (11)

is nonsingular.



Code extension

Definition 7
The extension C∗ of a code C is the mapping from finite-length
strings X to finite-length strings of D, defined by

C(x1x2 · · · xn) = C(x1)C(x2) · · ·C(xn) (12)

where the right-hand side represents concatenation.

Example 8
If C(x1) = 00 and C(x2) = 11 then C(x1x2) = 0011
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Uniquely decodable codes

Definition 9
A code is called uniquely decodable if its extension is non-
singular.

Example 10
The mapping

a 7→ 0 (13)
b 7→ 010 (14)
c 7→ 01 (15)
d 7→ 10 (16)

is nonsingular, but not uniquely decodable. For instance, the
sequence 010 could represent either b, ca or ad .



Prefix codes

Definition 11
A code is called a prefix code or an instantaneous code if no
codeword is a prefix of any other codeword

Example 12
The mapping

a 7→ 0 (17)
b 7→ 10 (18)
c 7→ 110 (19)
d 7→ 111 (20)

is a prefix code.



Types of codes

These types of codes are nested in the sense that

All codes ⊆ Nonsingular codes ⊆
⊆ Uniquely decodable codes ⊆ Instantaneous codes
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Kraft inequality

Theorem 13
For any instantaneous code over an alphabet of size D, the
codeword lengths l1,l2,. . ., lm must satisfy∑

i
D−li ≤ 1 (21)

Conversely, given a set of codeword lengths that satisfy this
inequality, there exists an instantaneous code with these word
lengths.

Proof.
On the whiteboard



McMillan inequality

Theorem 14 (McMillan)
The codeword lengths of any uniquely decodable D-ary code must
satisfy the Kraft inequality∑

i
D−li ≤ 1 (22)

Conversely, given a set of codeword lengths that satisfy this
inequality, it is possible to construct a uniquely decodable code
with these codeword lengths.

Proof.
In the textbook



McMillan inequality

This theorem is actually rather surprising; going from the smaller
class of prefix codes to the larger one of uniquely decodable codes
does not offer any further choices for the set of codeword lengths.
The bounds on optimal codeword lengths stay the same.
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Optimal codes

Goal: Find the prefix code with the minimum expected length:
Minimize

L =
∑

i
pi li (23)

over all integers l1 , l2, . . . , lm satisfying the Kraft inequality∑
i
D−li ≤ 1 (24)



Optimal codes

If we for the moment ignore that the li :s are supposed to be
integers and assume equality in eq. (24) we can get interesting
results. Apply Lagrange multipliers and minimize

J =
∑

pi li + λ
∑

D−li (25)

and differentiate with respect to li :

∂J
∂li

=
∑

pi + λD−li lnD (26)

and by setting the derivative to 0 we get

D−li =
pi

λ lnD (27)



Optimal codes

We find λ by subsituting the above solution back into the
constraint and get the optimal lengths

l∗i = − logD pi (28)

Since the logarithm generally gives non-integer values, the l∗i :s are
generally not integers. We can now compute the expected
codeword length

L∗ =
∑

pi l∗i = −
∑

pi logD pi = HD(X ) (29)

and it is possible to choose integers li that are “close enough” to
the optimal values.



Expected length of optimal codes

Theorem 15
The expected length L of any instantaneous D-ary code for a
random variable X is greater than or equal to the entropy HD(X ),
that is

L ≥ HD(X ) (30)

with equality if and only if D−li = pi



Expected length of optimal codes

Proof.
We can write the difference between the expected length and
entropy as

L− HD(X ) =
∑

pi li −
∑

pi logD
1
pi

= (31)

=
∑

pi logD D−li +
∑

pi logD pi (32)

and if we write ri = D−li/
∑

j D−lj and c =
∑

D−li we obtain

L− H =
∑

pi logD
pi
ri
− logD c = (33)

= D(p||r) + logD
1
c ≥ 0 (34)

where we have used the nonnegativity of the relative entropy and
the Kraft inequality which states that c ≤ 1.



D-adic distributions

Definition 16
A probability distribution is called D-adic if each of the
probabilities is equal to D−n for some integer n.

Corollary 17
We have equality in the previous theorem if and only if the
distribution of X is D-adic.



Expected length of optimal codes

It is possible to come within one bit of the previously discussed
limit. That is, there exists a code with an expected description
length L with

H(X ) ≤ L ≤ H(X ) + 1 (35)

We will attack this problem in the same way as before and try to
find the D-adic r with the ri = D−li/

∑
j D−lj that minimizes

L− HD = D(p||r)− log
(∑

D−li
)
≥ 0 (36)
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Expected length of optimal codes

Choosing word lengths li = logD
1
pi

obviously gives us L = H.
However, this might not be an integer, so we have to round up,
giving

li = dlogD
1
pi
e (37)

It is easy to show that this choice satisifies the Kraft inequality.
We also note that

logD
1
pi
≤ li < logD

1
pi

+ 1 (38)

and by multiplying by pi and summing over i we obtain the
required equation.



Expected length of optimal codes

An optimal code can only be better than this code, and we get
the following theorem:

Theorem 18
Let l∗1 , l∗2 , . . . , l∗m be optimal codeword lengths for a source
distribution p and a D-ary alphabet, and let L∗ be the associated
expected length of an optimal code (L∗ =

∑
pi l∗i ). Then

HD(X ) ≤ L∗ < HD(X ) + 1 (39)



Expected length of optimal codes

Proof.
Let li = dlogD

1
pi
e. Then li satisfies the Kraft inequality and from

H ≤ L < H + 1 we get

HD(X ) ≤ L =
∑

pi li < HD(X ) + 1 (40)

But since L∗ (the expected length of the optimal code) is less
than L =

∑
pi li and since L∗ ≥ HD from theorem 15 we get the

desired result.



Expected length of optimal codes

This theorem states that the overhead never exceeds 1 bit. It is
possible to reduce the overhead for each symbol by spreading it
out over several symbols.
Consider a system in which we send a sequence of n symbols
from X . The symbols are assumed to be drawn i.i.d. according to
a distribution p(x). We can consider these n symbols to be a
supersymbol from the alphabet X n.
Let us formulate an useful theorem. . .



Stochastic processes

Theorem 19
The minimum expected codeword length per symbol satisfies

H(X1,X2, . . . ,Xn)

n ≤ L∗n <
H(X1,X2, . . . ,Xn)

n +
1
n (41)

Moreover, if X1,X2, . . . ,Xn is a stationary stochastic process then

L∗n → H(X ) (42)

where H(X ) is the entropy rate of the process.



Wrong code

Theorem 20
The expected length under p(x) of the code assignment
li = dlog 1

qi
e satisfies

H(p) + D(p||q) ≤ Ep l(X ) < H(p) + D(p||q) + 1 (43)

Thus, the expected code length is penalized by D(p||q) if we
believe that the distribution is q(x) when it in fact is p(x).
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Huffman codes

Huffman coding is a coding algorithm developed by David A.
Huffman in 1952. Given a distribution, an optimal prefix code can
be found using this algorithm.

Theorem 21
Huffman coding is optimal: If C∗ is a Huffman code and C ′ is
any other uniquely decodable code then L(C∗) ≤ L(C ′).
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Shannon-Fano-Elias coding

Given a random variable X , define

F̄ (x) =
∑
xi <x

p(xi ) +
1
2p(x) (44)

I Truncate F̄ (x) to l(x) bits, denoted g(x).
I We then have F̄ (x)− g(x) < 1

2l(x)

I If l(x) = dlog2
1

p(x)e+ 1 then

1
2l(x) <

p(x)

2 = F̄ (x)− F (x − 1) (45)



Shannon coding

Huffman codes are optimal in the sense that it has minimum
expected length. But is this the case for any particular sequence?
No.

Theorem 22 (Competitive optimality of the Shannon code)
For a dyadic probability mass function p(x), let l(x) = log 1

p(x)
be the word lengths of the binary Shannon code for the source,
and let l ′(x) be the lengths of any other uniquely decodable
binary code for the source. Then

Pr
(
l(X ) < l ′(X )

)
≥ Pr

(
l(X ) > l ′(X )

)
(46)



Shannon coding

Corollary 23
For nondyadic probabilities we have

E sgn
(
l(X )− l ′(X )− 1

)
≤ 0 (47)

In other words, the Shannon coding l(x) = dlog2
1

p(x)e is the
optimal coding in the following zero-sum game setting:



Shannon coding

Consider a zero-sum game where two players are given a
probability distribution and are asked to construct a prefix coding
for this distribution.
A device then randomly draws a symbol from the distribution,
and the players are given +1 if their codeword is the shortest, or
−1 if it is the longest. The payoff is 0 if there is a tie.
Theorem 22 shows that the Shannon coding is optimal for this
game.
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